Abstract. We classify singular Enriques surfaces in characteristic two supporting a rank nine configuration of smooth rational curves. They come in one-dimensional families defined over the prime field, paralleling the situation in other characteristics, but featuring novel aspects. Contracting the given rational curves, one can derive algebraic surfaces with isolated ADEsingularities and trivial canonical bundle whose Q ℓ -cohomology equals that of a projective plane.
Introduction
The study of Enriques surfaces forms one of the centerpieces for the EnriquesKodaira classification of algebraic surfaces. The subtleties and special properties which they already display over the complex numbers are further augmented in characteristic two where additional intriguing features arise. Despite great recent progress (see [12] ), there are still many open problems, both on the abstract and the explicit side. This paper contributes to both sides by considering Enriques surfaces which carry a rank nine configuration of smooth rational curves. Contracting the curves, we obtain a remarkable object: a singular normal surface with the sameétale cohomology as projective space P 2 .
Enriques surfaces admitting such configurations of smooth rational curves have previously been studied successfully in [5] and [17] over C and in [18] over fields of odd characteristic. In characteristic two, however, the theory of Enriques surfaces features many subtleties and surprises which will also play a lead role in this paper. Hence it is quite remarkable that some of the techniques from [18] can be adapted for one big class of Enriques surfaces in characteristic two, namely the so-called singular Enriques surfaces whose Picard scheme equals the group scheme µ 2 . Our results parallel those from odd characteristic in quality although they are quite different in quantity. Theorem 1.1. There are exactly 20 configurations R of smooth rational curves of rank 9 realized on singular Enriques surfaces in characteristic two: For each the following hold:
(i) the root types are supported on 1-dimensional families of Enriques surfaces;
(ii) the moduli spaces are irreducible except for R = A 8 + A 1 and A 5 + 2A 2 both of which admit two different moduli components;
(iii) each family has rational base and is defined over F 2 ;
(iv) each family can be parametrized explicitly, see Summary 6.2 and Table 3 .
The paper is organized as follows. After reviewing some relevant theory around elliptic fibrations, we will right away jump at ruling out many root types to occur on singular Enriques surfaces (a good portion of them existing in characteristic zero in fact). The existence and uniqueness part of Theorem 1.1 builds on a rather explicit base change technique which abstractly goes back to Kondō over C ( [8] ) and is extended to characteristic two in Sections 5, 6 . By way of this technique, all Enriques surfaces and root types from Theorem 1.1 fall into two kinds of families which we work out explicitly in the concluding sections. Throughout, we will illustrate the methods and ideas involved with a series of instructive examples related to the root type R = A 5 + 2A 2 .
(or, equivalently, depending on the action of the absolute Frobenius morphism on H 1 (S, O S ) which can be zero-or one-dimensional):
classical: Pic τ (S) = Z/2Z singular: Pic τ (S) = µ 2 supersingular: Pic τ (S) = α 2
All three cases are unified by the way in which they are governed by genus one fibrations, i.e. morphisms
whose general fiber are curves of arithmetic genus one. Necessarily, there are multiple fibers involved (of multiplicity two), but their configuration is genuinely different from the picture in all other characteristics: classical two multiple fibers, both smooth ordinary or of additive type singular one multiple fiber, smooth ordinary or of multiplicative type supersingular one multiple fiber, smooth supersingular or of additive type Abstractly, the fibration is encoded in the lattice
where U denote the hyperbolic plane (cf. [6] ). Precisely, the genus one fibration (1) gives rise to a primitive isotropic effective vector
by way of the support of a multiple fiber; by construction, the linear system |2E| has no base points and thus coincides with (1). Conversely, given any non-trivial isotropic vector E ∈ Num(S), it
• is effective or anti-effective by Riemann-Roch (so say E > 0),
• can be made primitive by dividing by some appropriate constant, and
• one can eliminate the base locus of the linear system |2E| by successive reflections in the classes of smooth rational curves.
Recall that the resulting effective isotropic divisor E ′ is often called a half-pencil.
We emphasize that smooth rational curves are a rather delicate matter on Enriques surfaces since, unlike on K3 surfaces, (−2)-vectors in Num(S) need not be effective neither anti-effective. Nonetheless, the above approach will be the key to our findings since we can set it up in such a way that we retain enough control over the smooth rational curves provided by the rank 9 configuration (as explored in [17] , [18] ).
Instead of going into the details of the gluing techniques and discriminant forms from [17] , [18] , we illustrate our methods and ideas with the following instructive example which will keep on reappearing throughout this paper.
Example 2.1 (R = A 5 + 2A 2 ). Assume that the Enriques surface S contains a configuration of smooth rational curves of type R = A 5 + 2A 2 . Up to isometry, R admits a unique embedding into Num(S) with primitive closure
and orthogonal complement
Using dual vectors in standard notation (cf. [17] ), there are several ways to exhibit isotropic vectors E ∈ Num(S). We highlight two of them:
Let us point us two properties will will become important momentarily: in either case, E is primitive (since E.a 1 = 1 resp. E.e 7 = 1 by construction), while leaving a large root lattice inside R perpendicular. Up to changing sign and subtracting the base locus, |2E| will thus induce a genus one fibration on S.
Jacobian vs extremal elliptic surfaces
It is exactly the approach of Example 2.1 which we will now pursue in order to get an idea of the Jacobian of |2E|. To this end, we restrict to singular Enriques surfaces since then (1) always defines an elliptic fibration in the sense that the general fiber is a smooth curve of genus one (as opposed to quasielliptic fibration). Hence the Jacobian Jac(f ) is a rational elliptic surface. We claim that we can always arrange for Jac(f ) to be rather special, namely to have finite Mordell-Weil group. Equivalently, by the Shioda-Tate formula, the fibers support a root lattice of rank 8. Following [14] , such rational elliptic surfaces are called extremal. Proposition 3.1. Let S be a singular Enriques surface admitting a configuration R of smooth rational curves of rank 9. Then S has an elliptic fibration (1) whose Jacobian is an extremal rational elliptic surface.
Proof. The proof is the same as in [18] . In short, there are 38 root types R of rank 9 embedding into U + E 8 . For each of them, we exhibit a suitable isotropic vector E as in Example 2.1 such that E ⊥ ∩ R is a root lattice R 0 of rank 8 (see Table 1 ). R 0 is not affected by a potential sign change in E, but it may be moved around by the reflections needed to eliminate the base locus of |2E|. In the end, however, R 0 will still be supported on (−2)-curves, and at the same time on the fibers of |2E| which suffices to conclude the proposition.
In the next section, we will rule out almost half of the above 38 root types (the lower 18 root types from Table 1 such that the 20 root types from Theorem 1.1 remain). For this purpose, it will be extremely useful to have the classification of extremal rational elliptic surfaces in characteristic two handy (due to W. Lang Table 1 . Isotropic vectors and root lattices (Proposition 3.1)
in [9] , [10] ). Before going into the details, we note the following important observation:
Lemma 3.2. There are no extremal rational elliptic surfaces such that the fiber components off the zero section generate the root lattice
Proof. Of course, this follows from Lang's classification, but for the sake of completeness (and since it fits nicely into the scheme of our arguments), we give a quick proof. Let X be a rational elliptic surface and denote by R the root lattice generated by the fiber components perpendicular to the zero section.
The theory of Mordell-Weil lattices [20] provides an equality
In the above cases, this would imply
which is clearly impossible in characteristic two.
The following table lists all the extremal rational elliptic surfaces in characteristic two relevant to our issues. We follow the notation from [14] , even though the fiber types often degenerate compared to C. There are a few further extremal rational elliptic surfaces in characteristic two, but they will not be relevant to our issues.
Non-existence of certain root types
In order to rule out the lower 18 root types from Table 1 , we have to draw a few more consequences from the other given data. Recall that the primitive isotropic vector E is effective, possibly after changing sign while subtracting the base locus amounts to a succession σ 0 of reflections in smooth rational curves; here |2σ 0 (E)| induces the elliptic fibration (1). In each case, there is a single (−2)-curve C in R whose dual vector is involved in forming E. Hence σ 0 (C).σ 0 (E) = 1, and it follows that σ 0 (C) comprises a smooth rational bisection B of the fibration |2σ 0 (E)| plus possibly some smooth rational curves C i contained in the fibers of (1); again these can be eliminated by reflections, and since naturally C i .σ 0 (E) = 0, these reflections do not affect σ 0 (E).
There is a composition of reflections σ such that σ(E) is a halfpencil and B = σ(C) is a smooth rational bisection while σ(R 0 ) is supported on the fibers and meets B in a prescribed way.
We shall now take a closer look at σ(R 0 ). This root lattice consists of (−2)-divisors, each effective or anti-effective and supported on (−2)-curves (the fiber components). Note that we cannot claim in general that σ(R 0 ) consists of (−2)-curves, and even if that were to hold true, it would not imply that the orthogonal summands R v of R 0 determine the singular fibers of |2σ(E)| as extended Dynkin diagramsR v . Yet we can utilize the bisection B very much to our advantage. Proof. This is Criterion 7.1 from [18] . The proof carries over literally as it does not depend on the characteristic at all.
Proposition 4.3. The 18 lower root lattices in Table 1 cannot be supported on singular Enriques surfaces in characteristic two.
Proof. We apply Lemma 4.2 to the data from Table 1 . Except for R = A 3 +6A 1 , it follows that R 0 determines the singular fibers of |2σ(E)|. But then, except for R = 4A 2 + A 1 , neither case is compatible with Lang's classification (see especially Lemma 3.2). Meanwhile one could try to rule out R = 4A 2 + A 1 using a 3-length argument on the K3-cover based on lifting to characteristic zero following [3] It remains to exclude the root type R = A 3 + 6A 1 (which over C is not compatible with the orbifold Bogomolov-Miyaoka-Yau inequality). The two (−2)-curves a 1 , a 3 ⊂ A 3 which meet C = a 2 are taken to (−2)-divisors σ(a 1 ), σ(a 3 ) whose support could potentially involve two different simple components of a single fiber F 0 both of which are met by the bisection B = σ(a 2 ). All other summands A 1 's from R are either mapped into F 0 , or they give rise to fibers of typeÃ 1 (which follows as in the proof of Lemma 4.2). A priori, this leads to the configurationsD 8 since it only has one simple fiber component), but by inspection of Lang's classification (and Lemma 3.2), this only leavesẼ 7 +Ã 1 . By some reflections in fiber components, we can arrange for a 1 , a 3 to map to the two simple fiber components met by B. But then the 5 orthogonal copies of A 1 embed into the fiber minus these two components, and by orthogonality, minus the adjacent components, i.e. into D 4 which is impossible for rank reasons.
We illustrate these ideas by continuing to investigate the root type R = A 5 +2A 2 as initiated in Example 2.1. 
However, the last configuration is not compatible with the bisection meeting some fiber component with multiplicity one, but the other two work perfectly fine.
For completeness, we record the following nice consequence of Proposition 4.3:
Corollary 4.5. The orbifold Bogomolow-Miyaoka-Yau inequality holds for any Q ℓ -cohomology projective plane obtained from a singular Enriques surface in characteristic two.
Base change construction
To translate the data from Table 1 into geometric information, and eventually into explicit equations, we elaborate on a base change construction which was originally due to Kondō in [8] and later extended in [4] . Notably, a singular Enriques surface S in characteristic two still has a universal K3 cover X → S which exhibits S as a quotient of X by a fixed point free involution τ (unlike for classical and supersingular Enriques surfaces where X may only be K3-like etc). Note that X inherits an elliptic fibration from S (for instance by pulling back the half-pencil σ(E)),
which presently is endowed with the two disjoint sections O, P which the smooth rational bisection B splits into. The next result translates Kondō's work [8] over C to characteristic two, combining the Enriques involution τ with translation by P , denoted by t P . It has been obtained independently by Martin in [13] in relation with Enriques surfaces with finite automorphism groups.
Proposition 5.1. There is an involution ı on X such that
Proof. The proof follows the line of arguments in [17] although we have to make crucial modifications in order to account for the special features in characteristic two. Consider the automorphism
Then ı fixes O as a set, with a single fixed point in the ramified fiber, say F ∞ . We now turn to ı 2 which the proposition states to be the identity. Since ı 2 fixes fibers as sets and O pointwise, it acts as an automorphism on the generic fiber X η of (2). In particular, ord(ı 2 ) ∈ {1, 2, 3, 4, 6}.
If 3 | ord(ı 2 ), then the induced action of ı 2 on the regular 1-form of X η involves a primitive cube root of unity. Naturally, this extends to the action on a regular 2-form ω on X. On the other hand, the involution τ * leaves ω invariant, and so does (t P ) * , so we obtain a contradiction.
It remains to rule out the cases ord(ı 2 ) ∈ {2, 4}. We switch to the ramified fiber F ∞ . If F ∞ is smooth, then ı ∈ Aut(F ∞ ) (since ı fixes O| F∞ ), and it follows right away that ord(ı) = 4, ord(ı 2 ) = 2 and F ∞ is supersingular with j = 0.
Here F ∞ is isomorphic to the curve with Weierstrass equation y 2 +y = x 3 , so the ramified fiber has only one two-torsion point:
In comparison, the definition of ı shows
But then we have
yielding the required contradiction.
If F ∞ is singular, i.e. of Kodaira type I 2n for some n ≥ 1, then ı acts as an automorphism of the smooth locus Θ # 0 of the identity component Θ 0 of F ∞ . But this leads to the multiplicative group:
However, with ı 2 acting as inversion on the generic fiber, it cannot act as identity on any component of a multiplicative fiber (for instance, inversion interchanges the nodes where the fiber components intersect). This contradiction completes the proof of Proposition 5.1.
Corollary 5.2. The involution ı leads us back to the rational elliptic surface Jac(f ):
X/ı = Jac(f ).
Proof. As the involution interchanges the unramified fibers and fixes O as a set, the quotient X/ı inherits an elliptic fibration with section induced from O. It remains to study the ramified fiber F ∞ .
If F ∞ is smooth, then the proof of Proposition 5.1 shows that ı restricts to an automorphism of F ∞ , with the following two possibilities:
In fact, it is easy to see that ı| F∞ = id, since otherwise τ would fix any point Q ∞ ∈ F ∞ with 2Q ∞ = P | F∞ . But then the Euler-Poincaré characteristic reveals that X/ı is a rational elliptic surface, and since it has exactly the same fibers as the Enriques surface Y (including the half-pencil equalling F ∞ ), we deduce that X/ı = Jac(f ) as stated.
If F ∞ is non-smooth, i.e. multiplicative of type I 2n (n > 0), then we number the components cyclically as usual, starting from the zero component Θ 0 met by O up to Θ 2n−1 . Again we have seen in the proof of Proposition 5.1 that ı restricts to an automorphism of the smooth locus Θ # 0 of Θ 0 ; more precisely, by (3), ı| Θ # 0 either is the identity or inversion in Θ # 0 ∼ = G m . Note that for τ to be fixed point free, P intersects a different component than Θ 0 so that t P induces a rotation of the fiber components. Anyway, if
then one checks that τ either fixes a component (as a set, but then it contains a fixed point), or it interchanges two adjacent components (such that the intersection point is fixed). Hence we infer that
so that all fiber components are fixed by ı as sets, and P has to meet Θ n for τ to have order two. Subsequently, this implies that X/ı attains a fiber of type I n , and we conclude as before.
The corollary explains the title of this section: X is a quadratic base change of the Jacobian of the elliptic fibration (1) on the Enriques surface S. It is instructive to distinguish whether P is two-torsion or not, since in the first case, it will descend to Jac(f ) (as it is invariant under the action of ı) while in the second case it is honestly anti-invariant for the action of ı by definition. If the smooth rational bisection B does not produce a two-torsion section, the picture looks as follows (with a dashed line indicating that the respective fiber could also be ramified): 
Quadratic twist
We shall now extract conditions from the data developed in and from Table 1 and start to convert them into explicit equations towards the proof of Theorem 1.1. Continuing from Summary 4.1, we proceed as follows:
• use Lemma 4.2 to single out the possible fiber configurations supporting a given rank 9 root type R (as in Example 5.3);
• prove that there are reflections in fiber components mapping all curves form R 0 to fiber components (and not affecting the smooth rational bisection B); this amounts to a case-by-case analysis paralleling [17, §7] using standard properties of root lattices and Weyl groups (cf. the proof of Lemma 4.2 for the argument for the root type R = A 3 + 6A 1 ).
Especially the second step allows us to predict exactly how the bisection B intersects the singular fibers (depending on their multiplicity, so there may be a few cases to distinguish as in Example 5.3). Note that this directly carries over to information on the section P on the K3 cover X. In particular, we can determine whether P is two-torsion of not. We now turn to the problem of exhibiting explicit equations for the Enriques surfaces in question.
6.1. Two-torsion case. If the configuration determines P as a two-torsion section, then there is little left to do: there always is a ramified reducible fiber (necessarily of multiplicative type), so X arises from Jac(f ) by a quadratic base change ramified at this fiber. Hence such K3 surfaces (and their quotient singular Enriques surfaces) occur in one-dimensional families (depending on the free parameter of the base change).
Example 6.1 (R = A 5 + 2A 2 cont'd). In the two-torsion case from Example 5.3, there is ramification at the I 6 fiber, so the base changes can be normalized to take the shape
By inspection of Figure 1 , the resulting singular Enriques surfaces also support the root types E 7 + A 2 and A 7 + A 2 .
Summary 6.2. We obtain three one-dimensional families of singular Enriques surfaces supporting the following root types:
6.2. Non-torsion case. Here the section P is really anti-invariant for the induced action of the deck transformation ı -or equivalently, invariant for the composition  = ı • (− id) where (− id) denotes the involution of the generic fiber. Hence P descends to a section P ′ on the minimal resolution of the quotient surface,
This is again an elliptic K3 surface with the same fibers at Jac(f ) except at the ramified fiber (which generically is of Kodaira type I * 4 , the additional components accounting for the isolated fixed points of  in the ramified fiber, cf. the proof of Corollary 5.2). X ′ is often called quadratic twist of Jac(f ). In order to compute explicit equations, we arrange for the quadratic base change to be ramified at ∞ and thus take the shape t → t(t + 1). (4) To this end, we fix a suitable (reducible) fiber at t = 0 and move around the other fibers. Starting from the models in Table 2 , this can be achieved by way of the Möbius transformation
for instance, in agreement with the general fact that quadratic base changes of a given rational elliptic surface come in two-dimensional families. So let us assume that the rational elliptic surface Jac(f ) has Weierstrass equation Jac(f ) :
with singular fiber moving around according to the Möbis transformation (5). If X arises from Jac(f ) by the quadratic base change (4), then one can directly compute the invariants for the involution  ∈ Aut(X). They result in the following Weierstrass equation of the quadratic twist X ′ :
Enter the section P ∈ MW(X) which ought be disjoint from O; this property is often called integral and equivalent to P = (U, V ) for polynomials U, V ∈ K[t] of degree at most 4 resp. 6. For P ′ , this translates as P ′ = (U ′ , V ′ ) of degree at most 2 resp. 3. There is an important additional condition for the top degree coefficient of U ′ : Observation 6.3. Write out the top degree coefficients U ′ = u 2 t 2 + . . . , a 1 = a 11 t + a 10 , a 3 = a 33 t 3 + . . . , depending on µ, λ. Then u 2 = a 33 /a 11 .
Proof. With the above degree conditions on U ′ , V ′ , it is clear that a 11 u 2 and a 33 are the only degree 7 coefficients of the equation obtained from (6) upon substituting P ′ . Hence solving for the equation to vanish identically leads to the above relation.
Remark 6.4. Observation 6.3 also implies that a 1 ≡ 0.
Observation 6.3 also ensures that P ′ meets a far simple component of the (generic) I * 4 fiber of X ′ at ∞ -and leads to a degree 6 polynomial equation in t as explained in the proof. Then we either try to solve directly for this equation to vanish identically or throw in some additional information, for instance about fibers met non-trivially by P ′ (inferred from the intersection pattern of the smooth rational bisection B with the singular fibers on the Enriques surface S, or from torsion sections present on X as we shall exploit in the next sections).
Explicit equations for root type
We illustrate the approach in the non-torsion case as sketched in 6.2 by elaborating on our usual exemplary root type R = A 5 + 2A 2 . Consider an Enriques surface S with elliptic fibration (1) induced by the first isotropic vector in Example 2.1. Recall that Jac(f ) = X 6321 with the possible fiber configurations from Example 5.3. Since we have already settled the case of a multiple I 6 fiber in Example 6.1, we shall assume that the I 6 fiber is unramified. Thus it is safe to locate it at t = 0 as in Table 2 .
For starters, we restrict to the case where the fiber of type I 2 is unramified (µ = 1 in (5)). Presently, we could set out to calculate the section P ′ directly on the quadratic twist X ′ , using the condition that it meets the I 2 -fiber nontrivially, but it turns out to be even more beneficial to work on the K3 cover X itself and just remember that P is induced from X ′ . In particular, this implies that U is invariant under the deck transformation ı : t → t + 1 of (4) while V decidedly is not, for otherwise P would be induced from Jac(f ).
We shall facilitate that X admits a 3-torsion section at Q = (0, 0), precisely it takes the general shape
(with reducible fibers at the zeroes of a 3 , presently of Kodaira types I 6 and IV ). It follows from divisibility considerations in K[t], or more general from the theory of Mordell-Weil lattices [20] , that P.Q = 2. By the given shape of Q, this implies that U and V share a common factor g of degree two. Since P meets the fibers of type I 6 and IV at the identity component, g is relatively prime to a 3 , and we infer from vanishing orders that in fact g 3 | V . Recalling that V is not invariant under ı, we deduce that
On the other hand, the invariance of U under ı leads, after absorbing some factor into g if necessary, to
But then comparing the substitution into (7) with the relation obtained from ı * P = −P , we read off ν = 1. We write out g = g 2 t 2 + g 1 t + g 0 (with g 2 + g 1 = 0, for otherwise g = h) and solve for the substitution into (7),
to vanish identically, taking into account additionally that the I 2 fibers are met non-trivially. The top coefficients of (8) directly give g 2 = 1 and g 1 = 1/µ. Then the I 2 fiber condition implies λ = g 0 µ(g 0 µ + µ + 1) whence
This rational curve is parametrized by
All in all, this gives rise to a one-dimensional family of singular Enriques surfaces (also displayed in Table 3 ), supporting the root type A 5 + 2A 2 as in Figure 2 .
If the I 2 fiber were to ramify (i.e. µ = 1), then the same approach would go through, locating the fiber at ∞ and yielding g 2 = g 1 = 1 and thus g = h, contradiction. This completes the analysis of the singular Enriques surfaces supporting the root type R = A 5 + 2A 2 .
Remark 7.1. A similar analysis can be carried out starting from the second isotropic vector from Example 2.1. In fact, the corresponding systems of equations are straight forward to solve, thanks to the fibers met non-trivially. In case Jac(f ) = X 431 , we directly obtain
(up to exchanging P ′ and −P ′ )
which subsequently leads to a one-dimensional family parametrized by λ = √ µ 3 . For Jac(f ) = X 3333 , however, the resulting equations are a little more complicated to display.
In either case, the resulting families of Enriques surfaces are easy related. This can be achieved by singling out the multiple I 6 fiber in the diagram of (−2)-curves underlying the configuration from Example 5.3 (or a IV * fiber with smooth rational bisection and disjoint A 2 in Figure 1 ), or as part of a more general pattern explored in the context of Enriques surfaces with four cusps in [16] (over C, but the arguments carry over to characteristic two).
One-dimensional families
Having treated the exemplary root type R = A 5 + 2A 2 in full detail, we shall now state the main classification result needed to prove Theorem 1.1. Theorem 8.1. Let S be a singular Enriques surface in characteristic two supporting a root lattice R of rank 9. Consider the section P on the K3-cover of S obtained from the data in Table 1 . If P is not two-torsion, then S and R appear in Table 3 . Table 3 involves the elliptic fibration (1) induced by the isotropic vector from Table 1 (or its Jacobian), and the x-coordinate U ′ of the section P ′ ∈ MW(X ′ ) for the quadratic twist X ′ which in turn is determined by the parameters µ, λ entering in (5) . Of course, we always have to exclude a few values for (µ, λ) where the Enriques surfaces degenerate, but we omit the details for brevity.
By default, we usually start from the Weierstrass form of Jac(f ) given in Table  1 though in one instance, the equations look much nicer when starting from the other affine standard coordinate s = 1/t of P 1 (to which we then apply (4) and (5) analogously). 
While the last configuration is not compatible with a smooth rational bisection meeting some simple fiber component with multiplicity one, the first configuration can only be ruled out by direct computation. Alternatively, consider the isotropic vector E ′ = d ∨ 2 + h. This has R ′ 0 = D 6 + 2A 1 . Using Lemma 3.2 and the above argument forẼ 8 , one immediately derives the fiber configuratioñ E 7 +Ã 1 , and then a height argument shows that there is a ramified I 2 fiber and a two-torsion section involved, i.e. we are in the first family of Summary 6.2.
Remark 8.4. Some computer algebra systems experience surprising difficulties in characteristic two calculations (notably factorization of polynomials, but also basic simplifications); fortunately, the present problem always provides a sanity check when verifying that the computed section P ′ indeed lies on the quadratic twist X ′ .
Remark 8.5. Similar ideas can be applied to study singular Enriques surfaces with finite automorphism group (see recent work of Martin [13] ).
Proof of Proposition 4.3 -ruling out
Recall that the isotropic vector from Table 1 for root type R = 4A 2 +A 1 implies Jac(f ) = X 3333 with full 3-torsion. Assuming that all reducible fibers are unramified and the K3 cover X admits an integral section P meeting all fibers in the zero component, we can proceed exactly as in Section 7 around (7). Then solving for (8) to hold, we directly obtain g 2 = √ µ 3 + 1 √ µ and λ = λ( √ µ, g 1 ).
This sees the constant term in (8) factorize into four factors. Each can be seen to lead to degenerate cases where either µ = 0 or P meets some I 3 fiber non-trivially.
Similarly, if one of the I 3 fibers ramifies, then we can locate it at ∞ by working with the affine parameter s = 1/t for X 3333 . It then suffices to consider scalings (s → µs) before the quadratic base change (s → s(s + 1)) to the K3 cover X. Here P still takes the shape from Section 7, plus it meets the ramified fiber non-trivially; this directly implies g 2 = 1. Then solving for (8) to hold returns g 1 = 1, i.e. g is invariant under the deck transformation (s → s + 1). Hence P is induced from X 3333 as opposed to its quadratic twist. This contradiction concludes the proof of Proposition 4.3.
Moduli components
With Theorem 8.1 and Summary 6.2 at our disposal, the proof of Theorem 1.1 is almost complete. It remains to prove statement (ii) about the moduli components for root types
This amounts to verifying that the families exhibited in Table 3 resp. Summary 6.2 are indeed distinct. We shall prove the following slightly stronger statement:
Lemma 9.1. Let R = A 8 + A 1 or A 5 + 2A 2 . There are two distinct families of K3 covers of singular Enriques surfaces supporting R.
Proof. Compared to what had to be done in [18] , especially in characteristics 3, the arguments are greatly simplified thanks to the fact that a singular Enriques surface in characteristic two cannot have a supersingular K3 surface as universal cover; that is, (since it is provided with plenty of smooth rational curves from the Enriques surface). We continue by comparing the discriminants d of NS(X η ) using [19, (11.22) ]. For R = A 5 + 2A 2 , this returns once d = 12 and the other time d = 108. To see this, it suffices to check that there cannot be further torsion sections than the present cyclic group Z/6Z, and that for the second family, the section P mapping to the smooth rational bisection B ⊂ Y generically has height h(P ) = 3. At the same time, neither P nor its translates by torsion sections may be 2-divisible since then the height would result in 3/4 which is not compatible with the contraction terms in the height pairing. Similarly, if P were 3-divisible, i.e. P = 3Q then h(Q) = 1/3 could a priori be accommodated by certain intersection patterns, but each case would lead to a contradiction by calculating that the height pairing with some two-or six-torsion section would be negative (as opposed to being zero). Finally, translating P by some torsion section does not make a difference as the two-torsion section itself is 3-divisible and the sections of higher torsion order cause the I 3 fibers to be met non-trivially, so that there cannot be any 3-divisibility at all.
The argument for R = A 8 + A 1 is similar, so we leave the details to the reader.
Conclusion. Lemma 9.1 proves part (ii) of Theorem 1.1. Together with Theorem 8.1 and Summary 6.2, the proof of Theorem 1.1 is thus complete.
